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Applications to Graph Covering
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Graph Covering

» How many graphs of certain type it takes to cover the full graph?
> K, — the complete graph over [n]

> Let Gy, ..., G; be bipartite graphs over [n] with | J; Gi = K.
What can we say about t?

» Clearly, t > () s =~ 2, but can we give a better bound?
Y. 12 @)
Theorem 1

Let Gy, ..., G; be bipartite graphs over [n] with Uf=1 G; = Ky, then't > log n. J

Proof: Let x(G) be the chromatic number of G.
» x(Gi) <2and x(Kp) = n.
> X(GUG) < x(G)-x(G)-(?)
= (U1 G) <2
= t>logn
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Proving Thm 1 using entropy

> Gi - (Ai7 Bia EI)

> X« [n]

- 0, X €A
g Y"{ 1. XeB

» Xis determined by Yi,..., Y: (?)

H(Xa Y1a"'7\/l‘)_H(Y17"'7Yf)
> HX) — S H(Y)

OZH(X“/'I)»Yt)

>logn—t.
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Extensions

» nonls(G) — non-isolated vertices in G.
Theorem 2

Let Gy, ..., G; be bipartite graphs over [n] with Uf:1 Gi = K, then
3 iy Inonis(Gy)| > log n.

Definition 3 (graph content)

Let G be a graph over [n], let Z < nonls(G) and let ¢ be a (valid) coloring of
G such that H(%(Z)) is minimal. Then content(G) := mﬁﬂ -H(x(2)).

Theorem 4

Let Gy, ..., G; be graphs over [n] with Uf:1 G; = K,. Then
>~ content(G;) > log n.

» Since content(G) < M for bipartite G, Thm 4 yields Thm 2.
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Proving Thm 4

>

>

Let x; be a (valid) coloring of G;.
Let X < [n], and let
Y — { xi(X) X € nonls(Gj)

xi(Z)) otherwise, for Z; < nonls(G;) (ind. of the other Z’s).

X is determined by Yi,..., Y: (?)
0=HX|Y1,....Y ) =HX,Y1,...,Y) = H(Y1,.... Y?)

> H(X)+ H(Y1,..., Yi|X) = D H(Y)

=logn+H(Ys,..., Y X) =Y H(Y,
i

Yi, ..., Y; are independent conditioned on X —
PriYi=yiAYo=p | X=Xx]=Pr[Yi =y | X=X]-Pr[Ya =y | X = X]
Hence, H(Y1,..., Yi|X) = 3=, H(Yi|X) (board)

We conclude that ) ; H(Y;) — >, H(Yi|X) > logn

Since H(Y)) = H(xi(Z)) and H(Yi|X) = (1 — "Gy - H(y,(2)),
it follows that 3, H(X,-(Z))M >logn. O
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Extension
Let «(G) be the size of the maximal independent set in G.

Theorem 5

Let G, Gy, ..., G; be graphs over [n] with | J._, G; = G, then
>~ content(G;) > log ﬁ

Proof: HW
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Scrambling permutations
Theorem 6

Let S be a set of permutations over [n| s.t. for any triplet (i, ], k) of distinct

i -
elements of [n] exists T € S with (i) < 7(j) < w(k) or w(i) > w(j) > w(k)
Ioge

» For w € S, the graph G, = (V, E,) is defined by:
> V= {(ij) € [m?: i # ]}
> E7" = {((171)?(k71)) € V2: T

(N < w(j) < w(k)V (i) > n(j) > n(k)}
» G= U

G, has n connected components, each consists of
(n—1)-vertex cliques: {(i,/): i € [n] \ {j}} for each j € [n].
» G, consists of n complete bipartite graphs (two are empty):

{(,)): =(i) < =(j)} and {(7,]): =(i) > = (j)} for each j € [n].

The sum of content of these bipartite graphs is
S0 ) = (n=1) 70 h(zE5)- 555 < (n=1) Jo h(p)dp = (n—1)- 252
» By Thm 5 (applied for each component |S] - "M
» Hence, |S| >

TeS

-(n—1) > nlog(n—1).
Ioge'n -log(n—1) > |OgelognE]
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Part Il

Differential Entropy
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Entropy of continues random variable

» Entropy of discrete random variable: H(X) = — )", p;log p;
» Also used when X has infinite # of states (entropy might be infinite!)
Example Pr[p(X) = 2-2] = 2~

» Continues random variable is defined by its density function:
f: R — R for which [, f(x)dx = 1.

> Fx(x)=Pr[X<x]= f_oo f(x)dx

» EX=[x-f(x)dxand VX = [ x2-f(x)dx — (EX)?

» Examples: X ~ [0,1], X ~ N(0,1)

» H(X) must be infinite! it takes infinite number of bits to describe X

» The differential entropy of X is defined by h(X) = — [ f(x) log f(x)dx.
» We focus on cases where h(X) is well defmed.

» Since his a function of the density function, we sometimes write h(f)

» If not stated otherwise, we integrate over R
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Intuition for definition of h
f(x)
» Let X2 be rounding of X for precision A: s

XA ~ (... p_2,P_1,P0,P1, P2, -.),
where p; = [V f(x )dX—f(X/) A
forsome x; e [i- A, (i+1)-A] (?

> H(X2) = —Z?ioo pilog pi ] x
H(X2) = Z f(xi) - A - log(f(x:) Z f(x))- A - (log f(x;) + log A)
=— Z f(x)-log f(x;) - A — (Z f(x;) - )IogA
i=—o00 |=—0o0

> lima_0 H(X?) = h(X) — lima_log A

» Hence, lima_o(H(X?) + log A) = h(x)

» Intuitively, h(X) is the entropy of X plus const (lima_o —log A).
» Note that lima_,0 —l0og A =

Iftach Haitner (TAU) Application of Information Theory, Lecture 3 November 3, 2015 11/23



Properties of the entropy function

h(X)=— / f(x)log f(x)dx

v

Shift invariant: h(f) = h(g) for g(x) = f(x + a)
h(f) might be infinite
For any discrete X exists f with h(f) = H(X).

v

v

h(X) might be negative

v

Example: X ~ [0,a] - f(x) = 1 on [1, 4]
— [ f(x)log f(x)dx = —log 1 = log a. Negative for a < 1.

v

h(X) should be interpreted as the uncertainty up to a certain constant

v

Used for comparing two distributions
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Common distribution (in nature)

» The uniform distribution: X ~ [a, b]

v

Normal (Gaussian) distribution: (we focusonE=0and V = 1)

X~ N(0,1): f(x) = A= - e7/2

Boltzmann (Gibbs) distribution:

X e {E,E,...,En}, Pr[X = E] = C-e PE for 3 > 0 (the distribution
constant)and C =1/, e P&,

v

» Describes a (discrete) physical system that can take states
{1,..., m} with energies Eq,..., En.
» Probability is inverse to the energy

v

Why are these distributions so common?

v

What is common to these distributions?
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Second law of thermodynamics

» The entropy of a closed physical system never decreases.
» If we wait enough time, the system tends to be in maximal entropy.

» [f there are constrains, the it tends to be in maximal entropy under this
constrains.

» This suggests that distributions that are common in nature, are
distributions of maximal entropy, under some constrains.
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The normal distribution

> X~ N(O,1): f(x) = A= - e7/2

Why is it so common?

v

v

Answer: the central limit theorem (CLT):

Let Xi,..., X, beiidwithEX;=0and VX; = 1. Then
iMoo fo = N(0,1).

But why does it converge to N(0,1)??

v

v

CLT holds also in many other variants: not id, not fully independent, ...

v

We know that E Z—f: =0andV Z\fff" =1, but it could have converge to
any other distribution with these constraints.

v

The reason is that N(0, 1) has the highest entropy among all distribution
withE=0andV = 1.

CLT and the normal distribution where known and studied way before
Shannon, yet this striking property was not known until his theory.

v
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The normal distribution, cont.

Theorem 7
h(X) < h(N(0, 1)), forany rv X withV X = 1. J

» Among the distributions of V = 1, the distribution N(0, 1) has maximal
entropy.

» Generalizes to any variance:
h(X) < h(N(0,V(X))) = 2 -log(2me) - V(X)

Let g be a density function with [ g(x)x2dx = 1, and let f(x) = L~ - e~*/2.
We will show that

1. — [g(x)logg(x)dx < — [ g(x)log f(x)dx

2. — [g(x)logf(x)dx = — [ f(x)log f(x)dx

N
3
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— [g(x)logg(x)dx < — [ g(x)log f(x)dx
Claim 8
— [9(x)log g(x)dx < — [ g(x)log q(x)dx for any two density functions q, g. J

Proof: (the continuous version of Q3 in handout 1)

» Jensen: For any function tand density function A:
JA(x)log t(x) <log [ A(x)t(x)dx

» Assume for simplicity that g(x) > 0 for all x.
> By Jensen, [ g(x)log %4 < log [ g(x) &} dx =log1 =0
» Hence, — [ g(x)logg(x) < — [ g(x)log g(x)
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— [9g(x)log f(x)dx = — [ f(x)log f(x)dx

Claim 9

Exists ¢ € R such that

— [ g(x)log f(x)dx = c for any density function g with
Jo(x)x2dx = 1.

Hence, — [ g(x)log f(x)dx = — [ f(x)log f(x)dXx.

Proof: B
/g )log f(x /g Iog e /2dx
X2
/g <Iog E.Iog e>

= —log \/77 /g(X)dX+ Io$ /g(x)xzdx
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The Boltzmann distribution

» States {1,..., m}, energies Eq, ..., Ep.
» PriX=E|=C-ePEforp>0andC=1/),e #E
» We will denote itby ~ B(8, Eq, ..., En)

» Like the exponential distribution (i.e., f(x) = Ae~*¥), but discrete.

» Describes a (discrete) physical system that can take states
{1,..., m} with energies Ei,..., En.
» Probability is inverse to energy

Theorem 10

LetX ~ B(5,E1,...,En). Then H(Y) < H(X) forany rv Y over {Ej,.
withEY = E X.

., Em},

» The Boltzmann distribution is maximal among all distributions of the

same energy.
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Proving Theorem 10

> ~B(B,Eq,...,Ep)andEY =EX

> Let X ~ (p1,...,pm)and Y ~ (q1,...,Qm) over{Ey, ..., En}.
» H(Y) <> qilogp;i (@3 in Handout 1)

» LetC =1/, e PE.

Then > qilogpi =Y _gilog(C- e "5)
i i
=> qilogC—> qi-BE;-loge
i i
=logC—j-loge-» gk
:IogC—ﬁ-Ioge-EIX

» Hence, >, gilogp; = > ;pilogpi. (]
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The uniform distribution

> X ~ [a,b.
» EX=J}(a+b)and VX = 5(b—a)?
» What come to mind when saying “X takes values in [0, 1]".
Theorem 11
h(X) < —h(~ [a, b)), for any RV with Supp(X) C [a, b]. J

Proof: HW
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Using diff. entropy to bound discrete entropy

Proposition 12

Let X ~ (p1, Pz, . ..), then H(X) < 29278 . (Y p; - 2 — (3222, pi - )2 — 1) J

We assume wig. that p; = Pr[X = i].
» Let U~ [0,1],let X = X + U and let f; be the density function of X.

H(X) = Z pilog pi

== i /IH fy(x) log fg (x)dx (f(x) = pi for all x € [i,i+1])
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Using diff. entropy to bound discrete entropy, cont.

» Hence,
H(X) = h(X)
< 3 log(2re) V(X)
= % log(2me) (V(X) + V(U))

i= i=1

-

» How good is this bound?
> Let X ~ (3, 3)- Hence, V[X] = 1 and H(X) = 1.
» Proposition 12 grantees that H(X) < °927¢(1 4 1)~ 1.255

Iftach Haitner (TAU) Application of Information Theory, Lecture 3 November 3, 2015 23/23



	Applications to Graph Covering
	Differential Entropy

