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Section 1

Graph Homomorphisms
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Counting # of graph homomorphisms
» T = (Vr, Er) — directed graph (no self loops)

> G= (Ve Ea)

v

H = (Vu, ER)

v

(x1, X2, X3) is an homomorphism of Gin T, if x1, X2, X3 € V1 and
(i,)) € Ec = (xi,X;) € Et (might be x; = x2)

Example: see board

Hom(X, T): all homomorphisms of X'in T
Claim [Hom(H, T)| < |Hom(G, T)|

Trivial if G would be a subgraph of H

v

v

v

v

v

Special case of a more general theorem
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Proving the claim

> (X1,X2, X3) < Hom(H, T)
" log [Hom(H, T)| = H(Xi, Xe, Xs)
= H(X7) + H(X2| X1) + H(X3| X1, X2)
< H(X:) + H(X2| X1) + H(X3[Xz2)
H(X1)+2- H(Xz|X1) (by symmetry of H)

> Let D>(x) be the distribution of Xz|X; = x, and let X} ~ D»(X7)
- H(X1, X2, X5) = H(X1) + H(X2| X1) + H(X3| X1, X2)
H(X1) + H(Xe| X1) + H(X3| X4)

= H(X1) +2- H(X2|X1)

> (Xi,X2) € Erand (X4, X}) € Et
= (X4, X2, X5) € Hom(G, T)
= H(Xi, X2, X3) < log|Hom(G, T)|
= log |Hom(H, T)| < log [Hom(G, T)|. I
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Section 2

Perfect Matchings
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Bregman’s theorem
For bi-partite graph G = (A, B, E), let d(v) = [N(v) = {u € B: (v,u) € E}|
Theorem 1

Let G = (A, B, E) be bi-partite graph with |A| = |B|, and let M be the perfect
matchings in G. Then |M| < HveA(d(v)!)Ud(v)_

» LetA=B=[n={1,...,n}, and for m € M let m(i) be the node in B
matched with i by m.

> Itis clear that [M| < [[;c(, d(/):
> Let M + M. Hence,
log [ M|=H(M)= HM(1)) + HM2)|M(1)) + ...+ HM(n)[M(1),...,M(n— 1))
< HM(1)) + HM(2)) + ... + H(M(n))
<logd(1) +logd(2) +...+logd(n)
=log [] d(/)

ie[n]
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Proving Bregman’s theorem

» Key observations:
HM(IM(1)....., M(i — 1)) < log [N(i) \ {M(1),....M(i — 1)}

Let P be the set of all permutation over [n]. For p € P:

H(M) = H(M(p(1))) + ... + H(M(p(n))IM(p(1)), ..., M(p(n — 1)))
Sp(iy={je[n: p~'( ) < p“( i)} — matchings proceeding i w.r.t. p
H(M) = 3214 HM(D)IM(Sp(1)))

» Forme Mand P+ P: |N(i)\ m(Sp(i))] is uniform over {1,..., d(i}

= Ep[HM(i) | M(Sp(1))] < g5 S log k = log ((d(i)!)/9()
.

v

v

v

H(M) = [ZH(M )IM(Sp(i) ] ZE[H(M(’ 1Sp(i))]
IogH((d ‘/d(’)) O

ie[n]
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Section 3

Shearer’'s Lemma
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H(X1 , Xo, X3) Vs. H(X1 ) X2) + H(X27X3) + H(X3’X‘|)

» How does H(Xi, Xz, X3) compares to H( X1, X2) + H(Xo, X3) + H( X3, X1)?

v

If Xi, X2, X3 are independent, then
H(X1, X2, X3) = 5 (H(X1, X2) + H(X2, X3) + H(X3, X1))

In general: H(X17X2, X3) < % (H(X1 , Xg) + H(Xz,Xg) + H(Xg, X1))
A tighter bounds than H(X1) + H(Xz) + H(X3)

Proof:
2H(X1, X2, X3) = 2H(X4) +2H(X2| X1) +2H(X3| X4, X2)
H(X1, X2) = H(X1) +H(Xz| X1)
)
)

v

v

v

= +H(Xz) +H(X3] X2)
H(X1, X3) = H(Xq) +H(X31X1)

> but
H(Xz|X1) < H(X2)
H(Xs| X:, Xo) < H(Xs|X:)
H(Xs| X1, Xo) < H(Xs| Xo)
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Shearer’s lemma
> Let X = (Xi,..., X))
> For S = {i,...,ik} C[n], let Xs = (Xi,,..., X)
» Example: Xi 3 = (X1, X3)

Lemma 2 (Shearer’s lemma)

Let X = (Xi,...,X,) be arvand let F be a family of subset of [n] s.t. each
i € [n] appears in at least m subset of . Then H(X) < 13"~ H(Xg).

Proof:
> H(X) = Sy HOXGHXe: €< 1Y)
> H(Xe) = icp HXi{Xe: £ <int e F})
> Let F;; be the j'th family that contains X;. Hence,
n m
S THXE) =Y Y CHXHXe: £ <int e Fig})
FeF i=1 j=1

o me S HOX: €< 1) = m- HX)
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Corollary

Corollary 3

Let F ={F C[n]: |F| = k}. Then
H(X) < &+ dy - Srer HXP) = £ - Erc 7 [HX)L

(
Proof: & . (}) is the # of times / appears in F.

Implications:
> Let QC {0,1}"and X = (X1,..., Xp) < Q
> |Q| < 2F BrerIH(XF)]
> EF[H(XF)]is small = Qs small

> Qislarge = Ef[H(XF)] is large
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Example

> QC{0,1}"with|Q| =27/2 =21, X « Q.
» F={Fc[n]: |[F|=k}
» By Corollary 3,109 |Q| =n—1< 7 -Er7 [H(XF)]
= EF[HXR)] > k(1-1)=k-%
= JFeF st HXe)>k—X
» Assume n = 1000 and k = 5, hence H(Xr) > 5 — 555
> Xr takes at least 25~z = 2-zw - 25 > 31 (and hence 32) values

» Stronger conclusion: Xr is close to the uniform distribution.
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More generally

» Q>4 2 X+ Q

» F={FCn: |F| =k}

> n—d <HX) < {7 per HXe)
= 3 Lrer HXF) 2 k= %

— Ercr[HXp) > k- %

» If dk << n,then 3F € F s.t. Xgis close to the uniform distribution (over
k bits)
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Section 4

Gold Coins
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# of gold coins in a cube

» Q — (finite) set of points in R3
» |Qx,y| = 6 (i.e., # of projection points of Q on xy)
> [Qxz| =8
> Q| =12

Can we bound |Q|?

The real story

X:(X1,X2,X3)<— Q

vy Vv vV

—

Iog|Q| H(X) 7(H(X1,X2)—|—H(X1,X3)+H(X2,X3))

N

(log6 + log 8 + log 12)

(log6-8-12)

f\)\—‘f\)\—‘

v

Hence, |Q| < v6-8-12=24
» Can it be 24 What is the minimal number?
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# of gold coins, the hyperspace case

v

Q — (finite) set of points in R"

v

m;— # of coins in projectionon (1,...,i—1,i+1,....n)
Claim: | Q| < ([T M)/

Proof: X = (Xi,.... Xp) < Q, X_i = (X1, ..., Xic1, Xict, - .. Xp)
log |Q| = H(X) < 755 32, H(X)) < 755 3, log m;

v

v

v
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Section 5

Independent Sets
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# of independent sets in bi-partite graphs
Theorem 4

Let G = (A, B, E) be an n-regular graph with |A| = |B| = m. Then the number
of independent sets in G is at most (2" — 1)m.

Proof: Z — set of independent sets in G.

> Let/«Z,let X, =1iff vel,and Xs = {X,: v € S}.
>

H(I) = H(Xa|Xg) + H(XB)
<) H(X|XB) + Z H(Xn(v))  (rhs by Sherer’'s Lemma)

veEA veA
< Z ( (Xl Xnwy) + = H(XN(V ))
VEA "
. 0, Xy =0
» Fix ve A Lety, = { y ot%(é)rwise. ,and p = p(v) = Pr[x, = 0]

v

H(Xv[Xnwy) < HXvlxv) <p
HXnw)) = HOxv X)) = H(Xv)+H(XN vlxv) < h(p)+(1—p)log(2"—1)
Hence H(/) < 32,c4p(v) + 3 (h(p(v)) + (1 = p(v))log(2" — 1))
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# of independent sets in bi-partite graphs, cont.

> log |Z| = H(I) < 3,cap(v) + 7 (h(p(V)) + (1 — p(v))log(2" — 1))
> Let f(t) :=t+ L (h(t)+ (1 —t)log(2" — 1))

» By calculus, max;c(o 1) f(t) = 1 log(2™" — 1)

» Hence, log|Z| < Zlog(2™" —1). O
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Section 6

Intersecting Graphs
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Another corollary of Shearer’s lemma

Corollary 5

Let A and F be collections of subsets of [n], and for F € F let Ar be the
collection {AN F: A € A}. Assume that each element of [n] appears in at
least m subsets of F, then |A|™ <[] - |Af|.

Proof:
> Let X = (Xi,..., X,) « A.
> log |AF| > H(XF) (Supp(XF) € AF)

» By Shearer’s lemma, log |A| = H(X) < - 3 r - H(Xg). O
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# of intersecting graphs

Theorem 6

Let G be a family of graphs over [n], s.t. GN G’ contains a triangle for each
G,G €G. Then|g| < 2(:)-2,

This improves over |G| < 2(5)*1, which follows from G G’ # 0.
(wlg. all graph shares the same edge)

Proof:
» We focus on even n, and view graphs over [n] as subsets [(3)]

» For §-size set S C [n], let F = F(S) be union of the cliques S and [n] \ S
FNGNG #0,forany G,G € G and S as above

Hence |Gr .= GNF: Ge G| < 2IFI-1

Letm= (J) and m' = |F| =n(5 — 1)

v

v

v

v

Each edge over [n] x [n], appears in % of graphs {F(S)}scn: |s|=2-

2

By Corollary 5, |g\m7,‘(n;2) < 2m'*1)(n72)

v

» Hence, || < 2m—# < 2(2)-2
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Section 7

Statistical Distance
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Statistical distance

» Letp=(p1,...,pm)and g = (g1, ..., qm) be distributions over [m)]

v

Their statistical distance (also known as, variation distance) is defined by

)
SD(p.q) =5 ) _ Ipi— qil
2

ie[m]

v

This is simply the Ly norm between the distribution vectors

v

We will see other “distance" measures for distributions next lecture
ForZ~pand Y ~ g, let SD(X,Y)=SD(p,q)

Claim (HW): SD(p, q) = maxscim (X jcs Pi — Yjcs i)

Hence, SD(p, q) = maxp (Prx~p [D(X) = 1] — Prx.q[D(X) = 1])
Interpretation

v

v

v

v
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Distance from the uniform distribution

> Let X be rv over [m]

» H(X)<logm

> H(X) =logm «<— X is uniform over [m]
Theorem 7 (Next lecture)

Let X rv over [m]. Assume H(X) > logm — ¢, then
SD(X,~ [m]) < /= - ' = O(v)
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