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Statistical distance

» Letp=(p1,...,pm)and g = (g1, ..., qm) be distributions over [m)]

v

Their statistical distance (also known as, variation distance) is defined by

)
SD(p.q) := 5 lpi — qil
2

ie[m]

v

This is simply the Ly norm between the distribution vectors

v

We will soon see another “distance” measures for distributions next
lecture

» ForZ~pand Y ~ g, let SD(X,Y)=SD(p,q)

> Claim (HW): SD(p, q) = maxscim (Xics Pi — Lics Gi)

» Hence, SD(p, @) = maxp (Prxp [D(X) = 1] — Prxq [D(X) =1])
» Interpretation
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Distance from the uniform distribution

> Let X be rv over [m]

» H(X)<logm

> H(X) =logm «<— X is uniform over [m]
Theorem 1 (this lecture)

Let X rv over [m]. Assume H(X) > logm — ¢, then
SD(X,~ [m]) < /= - ' = O(v)
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Section 1

Definition and Basic Facts
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Definition
» Forp=(p1,...,pm)and g =(q1,...,qm), let

m
D(pllg) =" pilog g
i=1 !

Olog 3 =0, plog§ = oo

v

The relative entropy of pair of rv’s, is the relative entropy of their
distributions.

v

Names: Entropy of p relative to g, relative entropy, information
divergence, Kullback-Leibler (KL) divergence/distance

v

Many different interpretations

v

Main interpretation: the information we gained about X, if we originally
thought X ~ g and now we learned X ~ p
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Numerical Example
D(pllq) = - pilog &

1 1 1
> D(qu):Zlog§+%log§+}1log§+OIogO:]T (-)+3-1+5-1=1
1 1 1 1
> D(q||p):%Iog§r+}logi+%log§+1§log%:
T 1+ ()43 (1) +oo=00
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Supporting the interpretation

>

>

v

v

v

v

v

X rv over [m]
H(X) — measure for amount of information we do not have about X

log m — H(X) — measure for information we do have about X
(just by knowing its distribution)

Example X = (Xi, Xz) ~ (3.,0,0, 1) over {00,01,10,11}
HX)=1,logm—-H(X)=2-1=1
Indeed, we know X; @& Xz

H(~ [m]) — H(p1, ..., pm) = |09m—H(p17...,pm)
Iogm+Zp,logp, = Zp, (log p; — log — )

—Zp, log 1’ = D(p|| ~ [m])

D(X]| ~ [m]) — measures the information we gained about X, if we
originally thought it is ~ [m] and now we learned itis ~ p
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Supporting the interpretation, cont.

> (generally) D(pl|q) # H(q) — H(p)
H(q) — H(p) is not a good measure for information change

Example: g = (0.01,0.99) and p = (0.99,0.01)

We were almost sure that X = 1 but learned that X is almost surely 0
But H(q) — H(p) =0

Also, H(qg) — H(p) might be negative

v

v

v

v

v

v

We understand D(p||q) as the information we gained about X, if we
originally thought it is ~ g and now we learned itis ~ p
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Changing distribution

» What does it mean: originally thought X ~ g and now we learned
X ~p?

How can a distribution change?

v

Typically, this happens by learning additional information
gi =Pr[X =i and p; =Pr[X = i|E]
Example X ~ (3, . 3.0); someone saw X and tells us that X < 2

The distribution changes to X ~ (3, 3,0,0)

v

v

v

N1 [2]3]4
> Another example [ o Tloo
1 o[ 1 7o
> Y~ (3, 1.1.0), but
> Y ~(%,3.0,0) conditioned on X =0
> Y ~(.0,%,0) conditioned on X = 1

v

Generally, a distribution can change if we condition on event E
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Additional properties

» Ologd =0, plogs =coforp>0
» Ji st. p>0andg; =0, then D(p||q) = o0

v

If originally Pr[X = i] = 0, then it cannot be more than 0 after we learned
something.

v

Hence, it make sense to think of it as infinite amount of information learnt

v

Alteratively, we can define D(p||q) only for distribution with
G=0= p=0

(recallthat Pr[X =i =0 = Pr[X =i|E] =0, for any event E

v

If p; is large and g; is small, then D(p||q) is large

v

D(p||q) > 0, with equality iff p = q (hw)
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Example

» g=(q1,.--,gm)With 37, g; =27k (i.e., n < m)

[ qg/2k 1<i<n
pi= 0, otherwise.

v

> p=(p1,...,pm) — the distribution of q conditioned on the event i € [n]
D(pllq) = 3oy pilog & = 307 pilog 2% = 377, pik = k
We gained k bits of information

v

v

v

Example: 37, g; = 3, and we were told that i < nor i > n, we got one
bit of information
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Section 2

Axiomatic Derivation
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Axiomatic derivation
Let D is a continuous and symmetric (wrt each distribution) function such that
1. D(p|| ~ [m]) = log m — H(p)

@((Ph.-~,Pm)||(Q1,-~.,CIm)) =
D((p1 PRGN 7pm—1 9 apm7 (1 - Oé)pm)H(Cﬁ [ICIL) qu1 9 aqﬂh (1 - a)qm))a for
any a € [0,1]

then D = D.
Interpretation

Proof: Let p and g be distributions over [m], and assume g; € Q \ {0}.

> D(qu) = D((a1,1p1a et 7a1,k1p1) e aam,'lpma et 704m,kmpm)||
(a1,1 qi,... y O Ky q,..., am,1 am; - - 7am,kmqm))! for Z/ Qjj = 1 and @ j>0

» Taking a’s s.t. aj1=ajz...,qik, = aj and a;q; = 47, it follows that

D(pllq) =log M — H((c1,1P1. - - -, 01,4, P1 - - -, i 1Prms - - - amkmpm))
=Y pilogM+> " pilogaip; = Zp,
i

» Zeros and non-rational g;’s are dealt by continuity

Zp, Iog—.
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Section 3

Relation to Mutual Information
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Mutual information as expected relative entropy

Claim 2
Eyev [D(X]y=y[IX)] = I(X; Y). J

Proof:
> Let X ~ (gi,...,qm) over [m], and Y be rv over {0, 1}
> (Xlv=) ~pr = (Bits- -, Pj.m), pii = PriX =iy =]
E[D(pyllg)] = Pr[Y =0]- D(po,1,---,Pomlqs, - qm)
+Pr(Y=1]-D(p11,....P1,mllG1:---,qm)
—Pr[Y =0]- Zpo,logpo’JrPr[Yfﬂ Zp1,logp1’

:Pr[Y:0]-Zpo,,-logpo,iJrPr[Y:1]~Zp1,,-logp17,-
—PriY=0]-) poilogg —Pr[Y=1]-> pi,logg

= —H(X|Y) =Y (Pr[Y =0]-po,+Pr(Y =1]-py,)log g
— “H(X|Y) + H(X) = I(X; Y).O
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Equivalent definition for mutual information

Claim 3
Let (X, Y) ~ p, then I(X; Y) = D(p||pxpy)-

» Proof:
Z m )
PX|Y( |}’)
= E p(x.y) IOQT

— _Zp x,y)log px(x) + Zp(x y)log pxy(x|y)
+ZPY prlY(le)long|Y(x|y)
X
:mm_(mnzkxwﬂ
» We will later relate the above two claims.
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Section 4

Relation to Data Compression
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Wrong code

Theorem 4

Let p and q be distributions over [m], and let C be code with
aozmmpﬂw%]mM

H(p) + D(pllq) < Eip[¢(7)] < H(p) + D(pl|q) + 1

» Recall that H(q) < Eiq [¢(/)] < H(q) + 1.
» Proof of upperbound (upperbound is proved similarly)

E [0 =Y Pog ﬂ <3 pillog 7 +1)

i<~—p

qi pi
=1+ D(pllq) + H(p)

i 1 i 1
=1+ pi(log E—) =1+ pi(log %) +) " pi(log E)

» Can there be a (close) to optimal code for g that is better for p? HW
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Section 5

Conditional Relative Entropy
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Conditional relative entropy

For dist. p over X x V, let px and py,» be its marginal and conditional dist.

Definition 5
For two distributions p and q over X x ):

D(pyixllqyix) == > px(X) > pyx(¥Ix)log

XeX yey

Py|X(Y| )
Qyx(yIx)

x(YIX)
> D(pyxllGyix) = Ex,v)~p(x.y) ['09 qi:x Y|x)}

> Let (X, Yp) ~ pand (Xg, Yq) ~ g, then
D(pyjxllayix) = Exex, [D(Yalx,=x|l Yalx,=x)]

. NIERE o1
» Numerical example: p=[0 [ I [ g=[ 0
1 IR 1

Dpyixlavi) = 3 - Dl(z )l 50+ 3 D5 Dz 5)

Iftach Haitner (TAU) Application of Information Theory, Lecture 7 December 1, 2015 22/36



Chain rule

Claim 6

For any two distributions p and g over X x Y, it holds that
D(pllq) = D(pxlgx) + D(py|x[lqyx)

Proof:

B pP(x,y)
D(pllq) = (X,y)g(xyp(x, y)log axy)

= Y p(xy)log

(x.y)eX xy

= > p(x,y)logq

(x,y)exXxy X( )

= D(px||9x) + D(py|xIGy)x)D
Hence, for (X, Y) ~ p:

I(X, Y) = D(pllpxpy) = D(pxllpx) + E [D(pyi..llpv)]
- XEX [D(py\xzwa)} e
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Section 6

Data-processing inequality
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Data-processing inequality

Claim 7
For any rv’s X and Y and function f, it holds that D(f(X)||f(Y)) < D(X]Y). J

» Analogues to H(X) > H(f(X))
> Proof:
DX, (XY, (Y)) = D(X[Y)

D(X, f(X)[|Y,f(Y)) = D(F(X)[f(Y)) + Ezr(x) [D(X|f(X):zHY|f(X):z))] >
D(f(X)[11(Y))

v

v

v

Hence, D(F(X)||£(Y)) < D(X||Y).
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Section 7

Relation to Statistical Distance
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Relation to statistical distance

» D(p||q) is used many time to measure the distance from pto g

> Itis not a distance in the mathematical sense: D(p||q) # D(q||p) and no
triangle inequality

» However,

Theorem 8
SD(p,q) < /%2 - D(p||9) J

» Corollary: For rv X over [m] with H(X) > log m — ¢, it holds that
SD(X, ~ [m]) < /"2 - (log m — H(X)) = /"2 -¢
» Other direction is incorrect: SD(p, g) might be small but D(p||q) = oo

» Does SD(p, ~ [m]) being small imply D(p|| ~ [m]) =logm — H(p) is
small?

HW
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Proving Thm 8, boolean case

» Letp=(a,1—a)and g = (8,1 — ) and assume o > 3

SD(p.q) = a — 3
We will show that
D(pllq) = alog § + (1 — a)log {=5% > 55 (= 8)? = %SD(p, )

v

v

> Letg(x,y) = xlog +(1—x)log ] =~z (X —y)?
agx.y) X 1-x 3
oy~ ym2 T A—ynz  2nz2¥ ~X)
__Yex 4
= A —y)nz ma¥ X

> Sincey(1—y)§%,%’;’y)§0fory<x.

v

Since g(x,x) =0, g(x,y) >0fory < x. O
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Proving Thm 8, general case

> LetU = Supp(p) U Supp(q)

> LetS={uel: p(u)>q(u)}

SD(p, q) = Prp[S] — Prg[S]  (by homework)
Let P ~ p, and let the indicator P be 1 iff P € &S.
Let Q ~ g, and let the indicator Q be 1iff Q € S.
SD(P,Q) = Pr[P € 8] — Pr[Q € S] = SD(p, q)

v

v

v

v

D(pllq) = D(P||Q) (data-proccessing inequality)
- % -SD(P, Q) (the Boolean case)
_ 2 2
=1ip5 SD(p.q)™. 1
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Section 8

Conditioned Distributions
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Main theorem
Theorem 9

Let Xy,..., Xk beiidoverU, and let Y = (Yi,.

.., Y) be rvoveruX. Then
Sje DY11X) < D(YI|(%, - Xi)-

Forrv Z,let Z(z) = Pr[Z = Z].

We prove for k = 2, general case follows similar lines. Let X = (X, X2)

Y(y) Yilyr) Yay2)  Y(y)
o= vgz/;z Y9 Xiy) X(y) y%}’z) rios Xi(y1) X2(y2) Yi(y1) Ya(ye)

- ¥ vy IogX §1)+ S Y(y)log Ya(y2)

y=(1.y2) ) y=1.2) Xe(r1)
Y(y)
+ Z Y(y)log o0——+—
Y, Y.
y=(¥1,y2) 1(}/1) 2(}/2)

= D(Y1||X1) + D(Y2|| X2) + I(Y1; Y2) > D(Y1||X1) + D(Y2|| X2)
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Conditioning distributions, relative entropy case
Theorem 10

Let Xy,..., Xk beiid over X, let X = (Xi,..., Xk) and let W be an event (i.e.,
Boolean rv). Then Z;; D((Xilw) || X)) < D((X|w)||X) < log W.

k
> D(Xw)I1X) < D((X|w)]| X) (Thm 9)
j=1
= 3 (oion S
= xez);K(XM)(X) log FW (Bayes)
= log PrEW] + Z (Xw)(x)log Pr{W|X = x])
_ ] Xe
=P
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Conditioning distributions, statistical distance case

Theorem 11

Let Xi,..., Xk beiid over X and let W be an event. Then
>, SD((X|w). X))? < log -

Proof: follows by Thm 8, and Thm 9.0
Using (XF ; @)? < k- 31, &, it follows that

Corollary 12

S SD((Xlw). X) < 1 /K 10g(prfay), and

Ejx SD((XIw). X) < /1100 i)

Extraction
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Numerical example

> Let X = (Xi,..., Xc) « {0,1}%0 and let f: {0,1}0 s 0 be such that
Pr[f(X) = 0] = 210,

> Ejao) SD((Xjlrx)=0),~ {0,1}) < /45 - 10 =3

» Typical bits are not too biassed, even when conditioning on a very
unlikely event.
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Extension
Theorem 13

Let X = (Xi,...,Xk), T and V be rv's over XX, T and V respectively. Let W
be an event and assume that the X;’s are iid conditioned on T. Then

St DUTVX)| Wl (TV)|wX[(T)) < l0g mrig + log [Supp(Vw)),

where X;(t) is distributed according to Xj|r—.

Interpretation.
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Proving Thm 13

Let X = (Xi,...,Xk), T and V be rv’s over XK, T and V respectively, such
that Xj’s are iid conditioned on T. Let W be an event and let X/(t) be
distributed according to the distribution of X;|7—_;.

k
> DUTVX)wlI(TV)wX/ (T))

j=1 k

= D(X; X hain rul
L (TV)‘W g Glwv=v, 7=t (Xj|7=1) ] (chain rule)

= e - )l (XIT =t
(t’v)&(rv)‘w[z (( /|W,V_V)|T f”( ]l )]

w’!

= (t,v)el%TV)\W[log PriWAV =v|T = t]] (Thm10)
1 3 B .
<
< log (,,V)J%TVHW PrIWAV=V|[T =1 (Jensen’s inequality)
- PriT =1 |[Supp(V|w)ll
= log Z PrW] <log Priv] 0
(t,v)€Supp((TV) | w)
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